Recently a detailed correspondence was established between, on one side, four-and five-dimensional large-N supersymmetric gauge theories with N = 2 supersymmetry and adjoint matter, and, on the other side, integrable 1+1-dimensional quantum hydrodynamics. Under this correspondence the phenomenon of dimensional transmutation, familiar in asymptotically free QFTs, gets mapped to the transition from the elliptic Calogero-Moser many-body system to the closed Toda chain. In this paper we attempt to formulate the hydrodynamical counterpart of the dimensional transmutation phenomenon inspired by the identification of the periodic Intermediate Long Wave (ILW) equation as the hydrodynamical limit of the elliptic Calogero-Moser/Ruijsenaars-Schneider system. We also conjecture that the chiral flow in the vortex fluid provides the proper framework for the microscopic description of such dimensional transmutation in the 1+1d hydrodynamics. We provide a geometric description of this phenomenon in terms of the ADHM moduli space.
Introduction and Main Results
The integrable systems of Calogero-Ruijsenaars type emerged in the context of N = 2 supersymmetric gauge theories in four and five dimensions with adjoint matter both at the classical [GKM + 95, MW96, DW96, Nek98] and the quantum levels [NS09b, NS09c, NS09a, KS19] . The quantum eigenvalue problem for these Hamiltonians can be formally solved by studying the dual gauge theory in the Omega-background in the Nekrasov-Shatashvili limit [NS09a] . The degrees of freedom of the integrable system are provided by the defect surface operator added to the theory and its wave function corresponds to the instanton partition function in the presence of the defect. In particular, the wave function of the elliptic Calogero-Moser model involves the Nekrasov equivariant integration over the 4d instanton moduli space in the 4d N = 2 * U (N ) gauge theory supplemented by the integral over 2d instanton (vortex) moduli space in the theory on the defect. This is done by studying the moduli space of ramified instantons [AT10,Naw14,BKK15,Nek1711,PP17,GLFMS17]) which uses equivariant integration over the affine Laumon space [Neg1112] . The coordinates of the maximal torus of the affine Laumon space are identified with the Fayet-Iliopoulos couplings for the 2d defect theory. The number of particles N in the integrable system corresponds to the rank of the gauge group of the N = 2 * theory while the spectral curve of the classical integrable system is nothing but the Seiberg-Witten curve of the dual gauge theory.
It was shown some time ago [ABW09] that in the large-N limit the collective field theory can be developed for the trigonometric Calogero system which amounts to the hydrodynamical bidirectional Benjamin-Ono (BO) integrable system and, if the additional chiral constraint is imposed, the standard BO equation gets recovered. The generalization to the elliptic case has been found in [BSTV14b, BSTV14a] (see [KS16, KS18] for the analysis in five dimensions and [ZZ18] for the discrete version) using the relation with large-N limit of the gauge theory. It turned out that the hydrodynamical limit of the elliptic Calogero model is related to the periodic ILW hydrodynamical equation which involves the elliptic kernel in the dispersion term. The BO equation can be derived from the ILW equation upon the trigonometric reduction of the elliptic kernel, while in a limit when the kernel reduces to the δ(x − y) the KdV equation is recovered.
1.1. Dimensional Transmutation and Many-Body Systems. The supersymmetric N = 2 * theory enjoys dimensional transmutation phenomenon whose origin is the combination of the scale anomaly and the asymptotic freedom. The non-perturbative scale emerges at the quantum level in the classically conformal invariant theory
where M is the regulator mass, which in our case corresponds to the mass of the adjoint hypermultiplet in the N = 2 * theory, and β 0 is the first coefficient in the expansion of the β-function in powers of the coupling g. The dimensional transmutation phenomenon has its counterpart in the world of the integrable many-body systems. The elliptic Calogero-Moser model, whose potential exhibits long range interactions -each particle interacts with every other particle:
where ℘ (x) is the Weierstrass function with elliptic parameter p in the proper limit turns into the affine (periodic) Toda chain with potential
which has only near-neighbor interactions. This transformation is known as the Inozemtsev limit [Ino89] and involves the shift
when the system of particles sets a kind of 1d lattice and the Toda degrees of freedom correspond to the fluctuation of the lattice sites. 1 Then one sends ǫ → ∞ leaving only the terms which differ by one unit of ǫ and scales the coupling constant.
In this paper we shall question if there is the hydrodynamical analogue of the Inozemtsev limit thereby trying to identify the phenomena of the dimensional transmutation in integrable hydrodynamics both at the classical and quantum levels. There are several ways to obtain the versions of Toda-like hydrodynamics at the classical level. First, since we have only nearest-neighbor interaction in Toda, we could simply rewrite the Hamiltonian equations of motion for Toda model using continuum variables. Along this way we get a version of Toda hydrodynamics which is analogous to bidirectional BO equations. In the other approach we could start with the periodic ILW equation and consider an Inozemtsev-type limit of the elliptic kernel in the dispersion term of the equation itself.
The Inozemtsev limit can be discussed at the quantum level as well. In this case we can study limits of the integrals of motion of the quantum ILW equation directly. We shall describe a certain double scaling of the integrals of motion at the quantum level. Since at the gauge theory side the hydrodynamics deals with the large-N limit of the instanton counting we shall use this fact to describe the Inozemtsev limit in terms of the equivariant quantum cohomology/K-theory of the instanton moduli space. In the elliptic case the instanton counting involves complicated interference of 4d instantons and 2d instantons (vortices) on the defect. Instantons and vortices stay coupled in the periodic Toda regime after the Inozemtsev limit is taken. In limit p → 0 the elliptic Calogero model (1.2) is downgraded to its trigonometric version. On the gauge theory side this limit corresponds to perturbative regime -the 4d instantons decouple leaving us with merely defect physics -the affine Laumon space turns into the finite Laumon space. The Inozemtsev limit of the trigonometric Calogero model yields non-periodic Toda potential (1.3) with p Λ =0. We will reproduce the known statement that the wave function of the open Toda corresponds to the instanton counting in the 2d sigma-model that is 4d instantons get completely decoupled [GKLO05] .
The origin of the relation between SYM instanton counting and the 1+1 hydrodynamics is the AGT correspondence. According the AGT duality [AGT10] and its generalization [Wyl09] the Nekrasov partition function gets identified with the conformal blocks of the Liouville theory for the SU (2) gauge theory and with W N blocks for the SU (N ) gauge theory. The insertion of the surface operator at the gauge theory side amounts to the insertion of Ψ 2,1 in the conformal blocks where the number of insertions corresponds to the number of Calogero particles. For the theory with adjoint matter the conformal block on the torus has to be considered while in the pure gauge theory the torus gets degenerated to a sphere. It is important that in terms of the W N algebra the asymptotically free gauge theory without matter corresponds to the selection of the so-called Gaiotto state or Whittaker vector which is the eigenvalue of L 1 -the generator of the SL(2, R) subalgebra [Gai13] . In the hydrodynamical limit we deals with W 1+∞ that is our dimensional transmutation phenomena involves the analog of the Gaiotto state -the coherent state in SL(2, R) subalgebra of W 1+∞ or equivalently S diff -algebra of area preserving diffeomorphisms.
1.2. Towards dimensional transmutation in the vortex fluid. Since dimensional transmutation occurs due to the combination of the scale anomaly and asymptotic freedom we have to search for both in the hydro context. We suggest that the vortex fluid supporting the chiral flow is the proper candidate. There are two examples of the vortex fluid -rotating superfluid and the fractional quantum Hall effect (FQHE) when the bulk degrees of freedom are the interacting fermions at the lowest Landau level with an attached flux. Such composite particle presentation for the FQHE at the disc is consistent with the trigonometric Calogero model at the edge of the disc geometry [Wie13b, Wie13a] and therefore to the bi-directional BO equation in the hydrodynamical limit. In general the BO equation is known to describe the edge 1+1 dynamics in the 2+1 vortex fluid. It was argued recently that the boundary layer in the chiral fluid has finite width and the vortex densities in the bulk and in the boundary layer are different [BW19] . Remark that recently the relation between the Laughlin wave functions on the torus and the instanton counting in the particular SYM gauge theory with defect has been discussed in [Nek19] .
The origin of this and some other non-trivial effects in the chiral flow in the vortex fluid at the quantum level is the anomaly in the stress tensor found in [Wie19] . The anomaly emerges if we take into account the UV cut-off for the vortex size which is scale dependent. Due to the scale anomaly vortices are no longer frozen in the flow since the Helmgoltz law gets modified. Hence we have in the vortex fluid the anomaly in the dilatation transformation which is the necessary ingredient of the dimensional transmutation phenomena.
To recognize the second ingredient of the dimensional transmutation -the asymptotic freedom for some running coupling constant we will look at the interaction between two vortices. Namely their finite sizes are taken into account via the boundary conditions imposed on the wave function in two-body Calogero system. Since the regulator mass in the gauge theory plays the role of the coupling constant for the vortex interaction in vortex fluid we get a kind of renormalization of the scale dependent UV cut-off. This can be presented in the form of the scale anomaly in the spectrum generating algebra in the Calogero model [ACG + 03].
Combining these arguments we will conjecture that the following picture emerges which underlies the dimensional transmutation in hydro. At the boundary between the bulk and the boundary layer of the vortex fluid due to the conformal anomaly the vortices decouple from the fluid and form a kind of weakly fluctuating 1d lattice. On the other hand the 'fermionic fluid' (fermions in FQHE with fluxes detach) flow on the top of the vortex lattice interacting with phonons. This picture has a lot in common with the one for the Peierls model of 1d superconductivity.
1.3. Structure of the Paper. In Section 2 we shall review the classical ILW model and how its solitonic sector leads to the elliptic Calogero system. We shall briefly mention quantization and discuss scaling limit on the soliton ILW ansatz. The section ends with the review of the difference ILW model which is relevant for equivariant K-theory of the U (1) instanton moduli space M k,1 . Section 3 reviews the relationship between the eRS model and quantum Seiberg-Witten geometry of the N = 1 * five-dimensional theory. In Section 4 we describe the Inozemtsev limit of trigonometric and elliptic Ruijsenaars-Schneider models. This is followed by Section 5 which reminds the reader about the duality between quantum ILW and eRS models at large-n along the lines of [KS18, Kor18] and recollects the necessary information about equivariant K-theory of M k,1 . In Section 6 we study what happens with the Inozemtsev limit on the ILW side and formulate the new duality dictionary in which eRS model is replaced by the affine q-Toda chain. In Section 7 we shall address some questions concerning the microscopic aspects of the dimensional transmutation phenomena using the recently formulated quantum vortex fluid [Wie19] as the starting point. Some open questions are formulated in Section 8. RFBR grant 19-02-00214. A.G. thanks Simons Center for Geometry and Physics, where this project was partly done, for support and hospitality. P.K. and O.K. thank Aspen Center for Physics, where this project was partly completed, for support and hospitality.
Solitons in 1D ILW Hydrodynamics
The ILW hydrodynamical model describes the spectrum of fluctuations on the interface of two fluid media inside a one-dimensional periodic channel. It can be represented by the following integro-differential equation
where u(x, t) is a complex-valued filed whose real and imaginary parts are related to the velocity and density fields of the fluid. Here the Hilbert-transformed field reads
With this normalization the periodic channel has length 2π and β and p are complex parameters which control the properties of the spectrum. In particular, p is related to the ratio of the channel depth to the wavelength of perturbations as p = e −2πδ , where δ = h/λ is the ratio of the depth of the channel and the wavelength of fluctuations. In the shortwave limit p → 0 the elliptic kernel becomes trigonometric thereby reducing the ILW equation into the Benjamin-Ono equation. The ILW model is an integrable system with infinitely many integrals of motion
so that the ILW equation (2.1) can be written as Liouville evolution equation
with Hamiltonian I 2 and the integrals of motion are in involution {I k , I l } = 0 with respect to canonical Poisson brackets.
2.1. Pole Ansatz. In this paper we focus on the dynamics of ILW solitons whose centers are located at coordinates x j (t). The total number of solitons is a topological invariant. In the sector with k solitons the following pole Ansatz provides a solution of the ILW model.
where functions x j (t) and y j (t) satisfẏ
where shrieks in the superscripts above designate the absence of terms with i = j in the corresponding sums in (2.5), and where
i.e., ζ is the standard ζ function without the linear term. 2 Now, if we denote u = u 0 − u 1 then the following equation holds
which is equivalent to (2.1) provided that x j 's satisfy equations of motion for the elliptic Calogero-Moser-Sutherland model for k particles
where the Weierstrass ℘ and ζ functions are related to each other via ℘ (ξ) = − ∂ ∂ξ ζ(ξ). Notice that the potential for the integrable many-body system is represented by the same function as in the pole ansatz for particles x j and momenta y j (2.5). 2.2. Quantization. The model is also quantum integrable, this was studied in details earlier, see [KS16] and references therein. Complex velocity field u can be expanded intro infinitely many oscillator modes u(z, 0) = a m e imz which obey canonical commutation relations. The quantum ILW Hamiltonians which provide quantization of (2.3) have the following form (see [KS18] for review)
(a −m−n a m a n + a −m a −n a m+n ) , (2.10)
where ǫ = log q, m = log , and p is the elliptic parameter. The operators a n for negative n create ILW solitons from the Fock vacuum |0 which is annihilated by all positive modes a >0 |0 = 0. The operators a n obey the following commutation relations of the doublydeformed Heisenberg algebra
where the deformation is a rational function of parameters q and . In the semi-classical regime of the ILW model, when these two variables are expanded around unity this rational function becomes equal to ǫ/m, which plays the role of the Planck's constant.
One can see how the scaling limit → ∞ is manifest in the ILW pole Ansatz construction (2.5) and (2.6). Due to (2.11) we are required to rescale generators a n → a n − n 2 in this limit. If we return back to the oscillator representation of the velocity field u we see that this rescaling entails shift in z-variable: z → z − i ǫ 2 , where = e ǫ , in order to keep the decomposition u(z, 0) = a m e imz in place. Additionally we put β = ν, where ν is a nonzero constant which can be fixed later after we shall complete the quantum ILW computation. 3 2.3. Modified Pole Ansatz. At the classical level this procedure can be implemented in the pole Ansatz. First we need to modify the pole Ansatz configuration for u into (2.6) as follows
where we will assume that |β| (and therefore | |) is large. Then we scale both x i and y j variables as
and by sending ǫ → ∞ we geṫ
where Λ = pβ as β → ∞ and p → 0. Notice that in this limit only near-neighbor interactions survive.
The equations (2.14) are equivalent to the affine Toda equations of motion
In the later sections we shall explore in great details how the above limit is manifest for quantum difference ILW model.
2.4.
Other Ways to Toda. Let us discuss a different way to get to the Toda-like classical hydrodynamics. First, we can perform the formal limiting procedure in ILW which yields the hyperbolic function from the ζ-function in the kernel. We remind the reader about the reduction of the Lame potential to the Matheu potential which is an example of Inozemtsev limit for the two-body problem (2.16)
The mass of the adjoint hypermultiplet in the gauge theory corresponds to the parameter β in the ILW model, hence the similar limiting procedure yields
This procedure is quite formal and does not involve any microscopic degrees of freedom at all. Nevertheless it yields the limit of the ILW equation obtained via the Inozemtsev-like limit. Strictly speaking this theory probably has a different quantum description than the one we describe in the later sections, however it is worth exploring on its own. Another microscopic derivation of the continuum limit goes as follows. Consider the finite Toda chain and introduce functions
The equations of motion can be presented in the form of the system of equations for the two functions [DM981]
The periodicity in z can be imposed by hands. Note that for β = const we get the simple deformation of the Hopf equation.
We have to check the Poisson structure in the continuum limit. In the discrete case we have evident Poisson bracket
The Poisson structure in the discrete case is properly inherited in the continuum leading to the Kac-Moody symplectic structure
which is the correct Poisson structure for the Hopf equation.
The system (2.19) is the Toda analogue of the bidirectional BO for Calogero model in the continuum. In the Calogero case the BO equation can be obtained from the bidirectional BO equation upon the chiral reduction which selects only left or right movers. Similar procedure has to be imposed for the (2.19) if one would like to get the Toda limit of ILW equation. We expect that the two approaches -effective and microscopic discussed in this subsection are related to each other. Hence one should be able to choose an appropriate chiral constraint for the bidirectional hydrodynamics such that the latter approach will be consistent with the former. We hope to study this issue in the near future.
2.5. Difference ILW equation. There is a difference version of the hydrodynamics -∆ILW [ST09, ZZ18] , which is appropriate for the equivariant K-theory calculations. The kernel of the ∆ILW integro-differential equation involves a finite-difference operator and reads
γ is a complex number which is related to the radius of the compact circle of the dual gauge theory. In the limit γ → 0 (2.23) reduces to (2.1), after an appropriate Galilean transformation on field η. In [KS18] it was shown, using the elliptic deformation of the Ding-Iohara algebra, that the quantum ∆ILW system can be understood as the large-n limit of quantum elliptic Ruijsenaars-Schneider model. In the next section we shall review this correspondence.
2.6. ILW N . There is a non-Abelian generalization of the ILW system, as well as to its difference version which is referred to as ILW N . It represents a fluid with non-Abelian velocity fields u a (z, t), a = 1, . . . , N which interact with each other in a way that respects the U (N ) invariance (see [LR83, LR, Lit13, AL15] and [AW05, ABW09] for the Benjamin-Ono limit).
In [KS16] , using the connection with supersymmetric gauge theories, a relationship between the spectrum of ∆ILW N and the moduli space of U (N ) instantons was established along the lines of the Abelian duality which we reviewed above. Not unexpectedly, the ∆ILW N arises as a certain n → ∞ limit of the 5d U (N n) N = 1 * gauge theory thereby providing a direct mapping between the parameters of both systems. Geometrically the ∆ILW N Hamiltonians describe quantum multiplication in equivariant K-theory of M k,N .
The Elliptic Ruijsenaars-Schneider Model
In this section we review the formal solution of the elliptic RS model using quantum Seiberg-Witten geometry of the N = 1 * 5d U (n) theory with monodromy defect developed in [BKK15] . Then we shall discuss in details the scaling (Inozemtsev) limit from eRS to closed qToda. We begin with the trigonometric RS model which describes physics on the 3d defect theory as well as its geometric meaning [Kor18] .
3.1. Macdonald Difference Operators. The difference operators of trigonometric Ruijsenaars-Schneider model with n particles ζ 1 , . . . , ζ n are given by
It was proven in [Kor18] that the vertex functions of the equivariant K-theory of the cotangent bundle to the complete flag variety, after proper normalization, is the eigenfunction of the tRS difference operators
where θ(x, q) = (x, q) ∞ (qx −1 , q) ∞ is basic theta-function and the vertex functions, which are labelled by the fixed points p of the action of the maximal torus of GL(N ; C)
where we define x n,k = a k and t = q .
Vertex functions V (τ ) can be regarded as classes in equivariant K-theory of the moduli space of quasimaps
for extended maximal torus T. Then V p are eigenfunctions for tRS difference operators (3.1) for all fixed points p
where e r is elementary symmetric polynomial of degree r of a 1 , . . . , a n . It was then shown by one of the authors in [Kor18] that vertex functions (3.3) at the special locus
where λ be a partition of k elements of length n and λ 1 ≥ · · · ≥ λ n . 
Elliptic Ruijsenaars
where p ∈ C × is the new parameter which characterizes the elliptic deformation away from the trigonometric locus, where p = 1 and we get the trigonometric RS model Hamiltonians.
As in the trigonometric case we shall be interested in the eigenvalues and eigenfunctions of these operators (3.9) E r ( ζ)Z = E r Z , r = 1, . . . , n .
It was verified in [BKK15] that the solution of (4.9) is given by the K-theoretic holomorphic equivariant Euler characteristic of the affine Laumon space
where q = (q 1 , . . . , q n ) is a string of C × -valued coordinates on the maximal torus of L aff d .
The eigenvalues E r are equivariant Chern characters of bundles Λ r W, where W is the constant bundle of the corresponding ADHM space. In other words they have the following form (3.11)
The integrals in (3.10) can be computed using localization and the resulting expression is an infinite sum over all sectors labelled by k l ( µ)
In the limit when the parabolic structure is removed (3.10) is expected to reproduced the well known Euler characteristic of M N (Nekrasov instanton partition function) Thus we can impose the following (3.13) p = q 1 · · · · · q n , where p counts the degrees of sheaves in the standard ADHM localization computation. The first several terms for the eigenvalues of E 1 look as follows
Inozemtsev Limit in Ruijsenaars-Schneider Models
Let us now discuss the scaling limit of the tRS and eRS models and their spectra.
4.1. Quantum q-Toda System. In [BKK15] (Section 5.2) it was shown that the eigenfunction of n-body q-Toda Hamiltonians is given by a partition function Z YM of pure N = 1 supersymmetric U (n) Yang-Mills gauge theory on C q × C × S 1 in the presence of the monodromy defect of maximal type wrapping C q × S 1 . This was established by studying limit → ∞ in (3.5) after certain rescaling also known as Inozemtsev limit [Ino89] . First we rescale tRS coordinates, momenta (3.1) and equivariant parameters a i as follows (4.1)
After taking → ∞ limit, we obtain q-Toda Hamiltonian functions which are equal to symmetric polynomials of a i (4.2) H q-Toda r (z 1 , . . . z n ; p 1 , . . . , p n ) = e r (a 1 , . . . , a n ) ,
where the Hamiltonians are
where i 0 = 0. For instance, the first Hamiltonian reads
Inozemtsev Limit to Closed qToda.
For the elliptic RS model the Inozemtsev limit works as follows. The theta function has the following expansion near p = 0
The eRS Hamiltonians (3.8) contain the following ratio of theta-functions which have the following expansion around p = 0 (4.6)
After taking the limit → ∞ the above formula yields (4.7)
where we assumed q = −p 2 2 is finite. The new term proportional to q arises which ensures periodicity.
For an n-body eRS model we get the following formula for the first affine q-Toda Hamiltonian
Spectrum of Closed qToda. One gets the following equations for the spectrum of quantum closed q-Toda 
where q = p n .
Quantum ∆ILW Spectrum
Let us first describe the Hilbert space of the quantum ILW. The cohomological version was studied in [OP] , here work in equivariant K-theory.
We can map Macdonald polynomials to states in the Fock space representation of the q, -Heisenberg algebra (2.11) by claiming that
In this symmetric basis polynomials P λ only depend on the number of boxes of tableau λ -k do not explicitly depend on n. Such Macdonald polynomials form a basis in the equivariant K-theory of Hilbert schemes of k points on C 2 . See [ST11, Sai13a, Sai13b] for more details.
The identification (5.1) allows us to make the following matching
). For n > k there is the following embedding of Hilbert spaces k l=0 K q, (Hilb l (C 2 )) ֒→ H n (5.2)
for K-theory vertex function for some fixed point q of maximal torus T evaluated at locus (3.6). The statement also holds in the limit n → ∞
where H ∞ is defined as a stable limit of H n (3.4) as n → ∞. Now let us talk about the ILW spectrum. 5.1. Quantum Benjamin-Ono Spectrum. In the Benjamin-Ono limit ( p → 0) the spectrum can be realized in terms of the tRS eigenvalues. The eigenvalues of BO Hamiltonians can be realized geometrically as operator of multiplication by the universal bundle to the moduli space of U (1) instantons. 
where W is a constant bundle of degree 1, in equivariant K-theory K q, (Hilb n ) is given by
where s 1 , . . . s k are in one-to-one correspondence with the content of tableau λ of size k corresponding to class [J] and are given by
for i, j ranging through the arm lengths and leg lengths of λ. In (5.5) a ∈ C × is the character of T W.
The spectrum of the ILW model will also include elliptic deformations, which we shall review below. where subscript 1 shows that we need to pick a term in front of ξ 1 of the following generating function
Quantum
in which the raising and lowering operators obey the following triply-deformed Heisenberg algebra 4
The oscillators can be normalized as
with commutation relations (5.11) [a m , a n ] = mδ m,−n .
The operator (5.8) can be used to describe the eRS Hamiltonians in the free boson formalism. For instance, the realization of the first Hamiltonian E 1 (3.8) acting on the state
of the Hilbert space is given by
Due to the presence of the first term in the right hand side of (5.13) Ψ n ( ζ)|0 is not an eigenstate of [η(ξ)] 1 , so there is no one-to-one correspondence between the eigenvalues of [η(ξ)] 1 and E 1 at finite n. However, this term disappears in the n → 0 limit provided that | | > 1 5 . This allows us to recover information about the spectrum of the ∆ILW model starting from 
in the quantum equivariant K-theory K q, (Hilb k (C 2 )). The corresponding eigenvalue is given by the following formula
where e 1 (s 1 , . . . , s k ) = s 1 + · · · + s k is the 1st elementary symmetric polynomial of s 1 , . . . s k which solve the following Bethe equations, which are applicable for the quantum spectrum of the ∆ILW N model. (N = 1 for the ∆ILW)
where p is the Kähler parameter of the ADHM quiver and is related to the 5d instanton counting parameter p as follows [KS16] (5.18) p(−q 1/2 1/2 ) N = pq N N .
The equations (5.17) describe the Coulomb branch of the 3d N = 2 * U (k) theory with N hypermultiplets (see the right picture in Fig. 1) . In more details the matter content of the ADHM quiver gauge theory is summarized in the table below Additionally there is a superpotential which is given by W = Tr k {χ ([B 1 , B 2 ] + IJ)}. Notice that the product of the flavor fugacities of fields χ, B 1 and B 2 is equal to one (equivalently, the sum of their twisted masses vanishes). This property arises from the Calabi-Yau compactification of the underlying string geometry [BSTV14a] . where |λ| = k in the limit when n → ∞. 
From Instantons to Vortices
Now we shall describe how the Inozemtsev limit is implemented on the resolved side of the duality. In summary, under the → ∞ limit the instanton moduli space M inst 1,k will get retracted to the vortex moduli space M vort 1,k .
6.1. Scaling Limit. We can take → ∞ limit of the above formulae in the ADHM construction. We get the following for r = 1 (6.1)
where Bethe roots now solve the equations arising from the vortex moduli space (N chirals and one chiral loop)
is the dynamically generated scale and the quantum parameter. The above equations (6.2) describe the Coulomb branch of the 3d N = 2 U (k) theory with N chiral multiplets (see right figure in Fig. 2 ).
6.2. The Gauge/Hydrodynamics Correspondence in the → ∞ limit. Having taken the → ∞ limit on both sides of the correspondence (4.10) and (6.1) we arrive to our main conclusion (6.4) lim
where the equivariant parameters on the left hand side for the q-Toda eigenvalues (4.10) on the locus (6.5) a i = aq λ i , i = 1, . . . , n , while the ∆ILW energies (6.1) are evaluated on the solutions of scaled Bethe equations (6.2). The instanton counting parameters from (4.10) and (6.3) are then identified as (6.6) q = p Λ .
In particular, when N = 1 we can put a 1 = 1 and have p Λ = p √ q as → ∞ and p → 0 so that the latter combination is finite. One can see that n−i in (5.20) will cancel off after plugging into (4.10). As expected, fixed points in the vortex moduli space are parameterized by integers λ i -vortex numbers.
As it was pointed out by Hanany (6.5) in the Nekrasov-Shatashvili limit at large n becomes the VEV of the corresponding flavor-Wilson line of the U (1) 3d N = 2 quiver theory whose Coulomb branch describes the vortex moduli space. By examining Tab. 1 we conclude that in the → ∞ limit adjoint chiral field B 1 and anti-chital field J decouple leaving us with only B 1 and I (χ becomes constant due the F-term constraint). This illustrates on the level of the 3d gauge theories how the ADHM model becomes the 1 2 -ADHM model. 6.3. Generating Function of the ΛILW Model. Using the [KS16, KS18] description of the quantum ILW model we can derive a generating function for the new system, which we call ΛILW, by studying the Inozemtsev limit of (5.8).
From (5.9) we can see that provided the scaling (6.3) takes place the new (q, p Λ )deformed Heisenberg generators have the following form
where we absorbed a divergent factor proportional to (1 − m ) 1/2 into the definition of b m . Equivalently, this factor can be absorbed into generating parameter ξ.
Thus we can construct a generating function for ΛILW Hamiltonians (6.8)
so that (6.9)
Notice the similarity between (6.7) and (2.11). It is not accidental as both tRS operators and, as we have just concluded, the qToda operators at large n act naturally on the Ktheory of the vortex moduli space M vort . 6.4. Geometric Applications. Therefore we conclude that the spectrum of ∆ILW Hamiltonians is in one-to-one correspondence with the operators of quantum multiplication in QK q (Hilb k (C)) by the symmetric powers of the universal bundles.
One can think of a subscheme Z k of Hilb k [C 2 ] parametrizing ideals scheme-theoretically supported on C ⊂ C 2 (i.e. where the y matrix is identically 0) is the same as the 1/2 ADHM quiver variety. The complete Hall algebra which acts on ⊕ k K q, (Hilb k ) does not preserve the K-theory of this subscheme Z k , but there is a one-parameter Heisenberg subalgebra inside it that preserves ⊕ k K q (Z k ). This Heisenberg subalgebra is the natural analogue of Nakajima's construction 6 .
Our calculations lead to the new results on equivariant K-theory. First, we remind the reader about the following theorem Theorem 6.1 ([KPSZ1705]). The quantum equivariant K-theory of the complete n-dimensional flag variety is given by (6.10) QK T ′ (Fl n ) = C[z ±1 1 , . . . , z ±1 n ; a ±1 1 , . . . , a ±1 n ; p ±1 1 , . . . , p ±1 n ] H q-Toda r (z i , p i ) = e r (a 1 , . . . , a n )
, where H q-Toda r are given by (4.3) and T ′ is the maximal torus of GL(N ) with equivariant parameters a 1 , . . . , a n .
Inspired by this result we can prove a theorem about the projective n → ∞ limit of the above ring similar to Theorem 6.2 when we further specialize the values of a i s as in (6.5).
Similarly to H n we can define the moduli space of quasimaps to complete n-flags (as opposed to the cotangent bundles to those flags earlier in the paper) (6.11) P n := K T (QM(P 1 , Fl n )) for extended maximal torus T ′ = T ′ × C × q .
As it was discussed in [KZ1802] the vertex functions (quantum classes) of P n , under proper normalization, be directly obtained from the vertex functions of H n . Thus, for a fixed point q of the maximal torus (6.12)
Then the following statement follows:
Theorem 6.2. For n > k there is the following embedding of Hilbert spaces k l=0 K q (Hilb l (C)) ֒→ P n (6.13)
where I q is the K-theory vertex function for some fixed point q of maximal torus T ′ . The statement also holds in the limit n → ∞ (6.14)
where P ∞ is defined as a stable limit of P n as n → ∞.
Towards the Physical Picture
In the past sections we have mainly considered formal geometrical ways to perform the Inozemtsev-like scaling limit. Let us attempt to develop more physical interpretation of the dimensional transmutation phenomena in hydrodynamics. In QFT a scale anomaly can be thought of as a gravitational phenomenon, when the cutoff in the theory depends on the external metric. The IR non-perturbative scale enters into the VEV of the trace of the stress-energy tensor in the ground state θ µµ = 0 resulting in the gap in the spectrum. The dimensional transmutation phenomenon is observed in asymptotically free theories in the presence of such scaling anomaly. 7.1. Vortex Fluid and Scale Anomaly. Can we recognize these two ingredients of the dimensional transmutation in hydrodynamics? First let us look for the hydrodynamical theory with the scale anomaly. The proper pattern has been recently found in [Wie19] , namely that is the quantum vortex fluid which describes FQHE and the rotating superfluid. The fluid is described by the macroscopic density of vortices of the same chirality which supports the chiral flow. It was found that several nontrivial phenomena occur at the quantum level. The origin of these effects is the UV cutoff introduced by the effective finite sizes of the vortex cores or, equivalently, the minimal distance between the vortices. The cutoff is scale dependent which results in the scale anomaly in the quantum vortex fluid.
It was demonstrated that the stress tensor and the scale anomaly emerge in the bulk of the vortex fluid (7.1)
where n(r) = i δ(r −r i ) is the density of vortices and Ω is angular velocity. This quantum anomaly modifies the fluid equation, for instance the the Helmgoltz law gets modified as
The vortices are no longer frozen in the bulk fluid flow. The nontrivial phenomena occur at the edge of the vortex chiral flow as well [BW19] . The finite width boundary layer with the different vortex density gets emerged. The vortex density in the bulk is finite, however the quantization condition for the number of vortices in the boundary layer is imposed. Hence we find ourselves in the situation with the boundary between vortex fluids with two different densities. The vortex dynamics on the boundary is described by the BO equation.
For the vortex density n(x, t) at the boundary it was shown in [BW19] that
where Γ is circulation of each vortex , U = Γ √ 16πl and l are the mean inter-vortex distance andd is the dipole moment. The width of the boundary layer is determined dynamically
We expect to find the ILW equation to describe the boundary vortex dynamics for the generic wave length, however this point deserves further investigation. The emerging description of the quantum vortex fluid has many similarities with 2d quantum gravity [Wie19] . The density of vortices defines the effective 2d metric in the bulk (7.5) ds 2 = n dzdz , and the stress tensor has the Schwartzian form in terms of n(z, t). The symmetry of the vortex chiral flow is the Sdiff and one can also consider the Virasoro algebra of holomorphic reparameterizations of the plane. The important SL(2, R) subalgebra of Virasoro and Sdiff is generated by the quadrupole moments of the vortex density
At the quantum level the coordinates commute as (7.7) [z,z] = i , so that the subalgebra is generated by powers of z and Dunkl operators.
7.2. Microscopic Arguments. The dimensional transmutation phenomenon can be recognized in SYM theory at the level of single instanton computation. To this aim one evaluates the one-instanton action and the regularized determinant of the fluctuations around instanton. The contributions from nonzero modes get canceled hence the determinant is solely saturated by zero modes. The determinant of the regulators yields the factor M k , where k is the difference between numbers of fermionic and bosonic zero modes. Together with the instanton weight factor exp( 1 g 2 (M ) ) it amounts to the power of Λ scale if we take into account the running coupling constant. This trick allowed [NSVZ83] to extract the exact β-function in the N = 1 SYM theory. In fact the possibility to evaluate the exact beta-function in SUSY YM theory at the single instanton is the simplest manifestation of the resurgence phenomenon in QFT. The quantum corrections on the top of the non-trivial saddles are related to the calculations in the perturbative sector of the theory.
Having in mind this field theory result we could ask if there is some 'elementary' object in hydro context which could indicate the analogue of dimensional transmutation. To this aim let us consider the interaction of two vortices which is effectively described by the Calogero model. Naively the Hamiltonian of Calogero model is conformal invariant and enjoys the familiar spectrum-generating SO(2, 1) symmetry with generators J 1 , J 2 , J 3 identified with the Hamiltonian, the dilatation and the special conformal transformation (7.8)
(7.9) H = p 2 + ν 2 x 2 . This algebra is the edge counterpart of the algebra of quadrupoles in the bulk. The mass of the regulator M in the gauge theory plays the role of the coupling constant ν in the Calogero model.
Let us introduce the cutoff R 0 corresponding to the minimal distance between two particles. To some extend it is the counterpart of the effect of finite-size vortices discussed above. Careful analysis of the cutoff dependence in two-body Calogero model amounts to a few important observations. It turns out that the scale symmetry is broken down to the discrete subgroup due to an anomaly [ACG + 03] (7.10)
The anomaly equation reads as
which is the quantum mechanical counterpart of the QFT anomaly equation for the dilatation current
The renormalized coupling constant depends now on the cutoff ν(R 0 ) is a peculiar way. The RG procedure works as follows. We assume that there is a minimal UV distance between two particles and determine how the effective coupling depends on the minimal distance. A bit surprisingly it turns out that the corresponding RG equation for Calogero coupling constant admits a limit cycle that is there is the interplay between the UV cutoff and the IR scale (the review on the RG limit cycles aka Efimov phenomena can be found in [BG14a] ).
In the QFT description we have the mass of the regulator M which yields the UV cutoff and the running coupling g 2 (M ) whose proper combination provides the IR scale Λ. In the hydrodynamical setting the interpretation of these two parameters gets reversed in an interesting way. The UV parameter M now measures the strength of the interaction between vortices while the gauge coupling g 2 yields the geometric scale of the model. Now we search for the M (g 2 ) dependence which look a bit unusual from the QFT viewpoint.
Remark that if we focus at the near E = 0 part of the spectrum it turns out that there is the tower of the quasi-zero Efimov-like modes (7.13) E n = c exp − n − n 0 ν with some constant c. The energy value in the elliptic Calogero model corresponds to the VEV u = Trφ 2 in the SYM theory hence the tower of Efimov states corresponds to the states near u = 0 in the presence of the Ω-deformation in the NS limit. We conjecture that the similar picture holds for the many-body Calogero system. We impose the 'finite size' of the vortex as the field dependent UV cutoff which prevents the vortices from sitting at one point (falling to the center) and consider how the effective Calogero coupling M depends on this UV cutoff. Once again we have the RG cycles which mean that the UV and IR scales are connected. In the many-body situation an additional effect occurs. Apart from renormalization of the coupling the vortex lattice gets formed and the distance between lattice sites becomes fixed.
We hope that the above arguments hold in the hydrodynamical limit as well. If true then, indeed, we have two physical phenomena which are necessary for dimensional transmutation -the scale anomaly, which unfreezes the vortices from the fermionic flow [Wie19] , and the running of the coupling constant between the vortices as a function of geometrical scale. Let us emphasize that these phenomena take place at the boundary between the bulk layer and the upper layer.
7.
3. An Analogy with the Peierls Model. We speculate above that the transition from the ILW hydrodynamics to Toda hydro limit occurs via the decoupling of the vortices attached to the atoms of fluid or to fermions in the FQHE. That is the fluxes do no longer flow with the fermionic fluid but are approximately frozen at fixed positions forming a kind of flux lattice. To some extend this is the edge counterpart of the observation [Wie19] that the vortices are no longer frozen in the bulk chiral flow at the quantum level.
More technically we assume that the Baker-Akhiezer function in the finite Calogero and Toda systems plays the role of the fermionic wave function while the vortex degrees of freedom correspond to the coordinates and momenta. In the Calogero case with longrange interaction the fermion whose wave function is identified with BA flows coherently with the fluxes forming a kind of interacting fluid of composite particles. The example of this behavior is provided by the model of 1d superconductivity -the Peierls model. Some version of the Peierls model admits the exact solution [BDK82] being related with the affine Toda model with the clear-cut physical interpretation. The Toda chain Lax operator can be considered as a Hamiltonian of the Peierls fermionic system so that the spectral parameter plays a role of energy and the classical spectral curve of the Toda system simultaneously provide the dispersion relation for fermions. More precisely, the model describes spectrum of quantum electrons interacting with the classical Toda potential formed by lattice of heavy ions. The model exhibits superconductivity and it generates a non-perturbative scale corresponding to the binding energy of the Cooper pairs. The hydro description can be provided by the fermions dressed by phonons. The fermion density is the parameter of the model which strongly influences the ground state.
There is the link of the Peierls model with the SUSY YM at finite N. In [Gor97] it was noted that the integrable structure of pure N = 2 SYM theory has an interpretation in terms of quasiparticle excitations of the Peierls model. It was then argued in [Gor97] that generation of this non-perturbative (BCS) scale can be interpreted on the gauge theory side as dimensional transmutation from N = 2 * theory to pure N = 2 SYM.
Conclusions
In this paper, motivated by the correspondence between large-N N = 2 supersymmetric gauge theories with adjoint supplemented with BPS defect and ILW equation in 1d hydrodynamics, we have considered the possible counterpart of the dimensional transmutation phenomena in hydrodynamics. At the gauge theory side we have elaborated some aspects of the instanton counting in the coupled 4d-2d system and in particular the reduction of instanton counting in 4d-2d system to the instanton counting in 2d system on the defect. This limit corresponds to the open Toda chain in the case of finite number degrees of freedom and to the corresponding hydro counterpart at large-N . Some new duality is formulated in this case.
We have mentioned a few ways to the hydrodynamic limit corresponding to the closed Toda chain. First way concerns the modified pole Ansatz, the second deals with the continuum limit of the Toda equation of motion in the Hamiltonian formulation supplemented with the additional chiral constraint while the third way involves the Inozemtsev-like limit directly in the periodic ILW equation. It is not completely clear if these procedures are equivalent due to the possible non-commutativity of the limits. We plan to clarify these issues in the further study.
We conjecture that the chiral flow in the vortex fluids provides the proper playground for the dimensional transmutation phenomena. The BO equation emerges naturally at the boundary between the bulk of the vortex fluid and the boundary layer. Inspired by the analogy with the Peierls model we assume that in the Toda-like hydro microscopically the flow occurs at the top of the weakly fluctuating vortex lattice generated at the boundary. The very phenomenon of dimensional transmutation presumably is interpreted as the geometric renormalization of the coupling between vortices when naively coupling tends to infinity. The emerging finite coupling is analogue of the Λ-like scale. The key point responsible for this phenomena is the scale anomaly in the vortex fluid. Certainly this interpretation deserves for further clarification.
There are many questions to be elaborated, just mention a few. In the field theory context we can derive pure YM theory in two ways-starting with the theory with adjoint or fundamental matter and decouple it yielding the non-perturbative scale via dimensional transmutation. In our study we started with the theory with adjoint matter which has ILW hydro counterpart however it would be interesting to find the hydro description of the theory with the fundamental matter and perform the limiting procedure to Toda theory in this case as well. The cascade of the phase transitions has been found in N = 2 * at large-N [RZ13] if the 4d instantons are switched off. It would be interesting to investigate if there are some traces of these phase transitions which have nontrivial holographic description if the surface defect is added in the hydrodynamic description. Presumably these phase transition could correspond to the particular solutions to the BO equation.
It would be important to understand the exact role of the Gaiotto-Whittaker state in W 1+∞ algebra in the Toda-like hydrodynamics which would explain the algebraic interpretation of the emerging non-perturbative parameter. According to AGT the wave function of the quantum periodic Toda chain for any N is related to the matrix element over the state Ψ which is the Whittaker vector for Virasoro algebra and provides the irregular Liouville conformal block [Gai13] (8.1) L 1 |Ψ = Λ|Ψ Ψ|L −1 = Ψ|Λ where L 1 , L −1 are the Virasoro generators. Since we are hunting for the hydrodynamical interpretation of Λ it is natural to assume that the same Gaiotto state is involved into the quantum hydrodynamics in the Toda limit. Hence the non-perturbative scale probably plays the role of the intrinsic momentum involved in the chiral quantum fluid. One more question concerns the possible relation with the particular limit of the torus knot invariants. The point is that the equation of motion for the finite number of interacting vortices in the bulk of the vortex fluid are written in terms of Dunkl-like operators. On the other hand weighted multiplicities of the eigenfunctions of the Dunkl are related to the invariants of the torus knots at the rational coupling constant(see, i.e. [BG14b] ). In the hydro limit the coupling constant between the vortices naively tends to infinity which means that T ∞,n torus knots are relevant. In this stable limit of the torus knots the new algebraic structures get emerged [GOR13] hence it would be interesting if the relation with the torus knot invariants survives at the edge of the vortex fluid.
